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Abstract Mathematical fluency is important for academic and mathematical success.

Fluency training programs have typically focused on fostering retrieval, which leads to

math performance that does not reliably transfer to non-trained problems. More recent

studies have focused on training number understanding and representational precision, but

few have directly investigated whether training improvements also transfer to more ad-

vanced mathematics. In one previous study, university undergraduates who extensively

trained on mental computation demonstrated improvements on a complex mathematics

test. These improvements were also associated with changes in number representation

precision. Because such far transfer is both rare and educationally important, we investi-

gated whether these transfer and precision effects would occur when using a more diverse

population and after removing several features of the mental computation training that are

difficult to implement in classrooms. Trained participants showed significant, robust im-

provements, suggesting that mental computation training can reliably lead to mathematical

transfer and improvements in number representation precision.
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Introduction

Mathematical fluency is important for mathematical competence and future academic

success (Mazzocco et al. 2008; Pellegrino and Goldman 1987; Resnick 1983). As a result,

fluency, typically defined as the ability to perform mathematics quickly, accurately, and

flexibly (National Council of Teachers of Mathematics 2000; National Governors Asso-

ciation Center for Best Practices & Council of Chief State School Officers 2010), has been

the focus of many mathematical training programs that encourage the memorization and fast

retrieval of basic math facts (i.e., single-digit addition and multiplication). These retrieval-

based training programs have been successful in fostering quick and accurate fluency. For

example, elementary and middle-school students who used the training program FASST

Math gained more addition and multiplication math facts that could be retrieved in less than

one second than students who experienced only their regular mathematics curriculum

(Scholastic Inc. 2005). Providing converging evidence at the mechanistic level, individuals

with higher mathematical problem solving competencies showed greater activation levels in

brain regions associated with retrieval processes during calculation tasks (Price et al. 2013).

The brain regions activated during retrieval are also activated during transfer between

arithmetic operations (Ischebeck et al. 2009). However, improvements from retrieval

training have been shown to apply only to trained, or very similar, problems, suggesting that

such training programs do not always lead to flexible mathematical fluency (Bajicet al.

2011; Imbo and Vandierendonck 2008; Rickard et al. 1994).

The primary benefits of retrieval training appear to lie in the reduction of working

memory load rather than increased numerical understanding (Pellegrino and Goldman 1987;

Resnick 1983; Sweller et al. 1983; Woodward 2006). After training, brain regions involved

during basic mathematical calculations shift away from fronto-parietal networks that are

involved in attentional processing to the left angular gyrus, a region that has been associated

with retrieval processes (Delazer et al. 2003; Ischebeck et al. 2007). While a lower working

memory load can allow attentional resources to be allocated toward more complex math

strategies (Imbo et al. 2007), load reduction alone may not be sufficient for transfer if

conceptual knowledge is needed to apply the trained procedural knowledge to novel nu-

merical situations. It is possible that a training program that encourages deeper numerical

knowledge would foster mathematical fluency that is flexible, as well as quick and accurate.

In a recent study, Kallai et al. (2011) found that far transfer to untrained, more complex

mathematics is possible after mathematical fluency training that encourages deeper numerical

knowledge. Participants were trained through mental computation [i.e., the process of per-

forming arithmetic operations without external devices (Sowder 1988)], a method thought to

buildflexible, transferable knowledge about numerical symbols and the quantities they represent

(Markovits and Sowder 1994; Reys 1984; Sowder 1992; Thompson 1999). Participants solved

multi-digit addition and subtraction problems over several training sessions. Particular problems

rarely repeated, such that participants could not simplymemorize answers (Schunn et al. 1997).

To encourage participants to utilize whole number quantity processing rather than rote, nu-

merically-meaningless calculations, the problems were horizontally formatted, and participants

had a short amount of time to solve the problems. The training also included immediate feed-

back, high uncertainty, and rewards, which have been shown to modulate a basal ganglia

learning systemthat is involved inmotor and cognitive skill learningand representational change

(see Tricomi and Fiez 2008 for a review). It is not surprising that the training group greatly

improved on the training task itself. However, the training group also showed improvements on

mathematical tasks thatwere very different from the training task: themental computation group

A. S. Liu et al.

123



demonstrated significant improvements on a complex mathematics test involving reasoning

about ratios/proportions, algebraic equations, and probabilities. Thus, improvements from the

mental computation training transferred to problems that required more advanced mathematics

than the addition and subtraction that was trained.

The study included important methodological controls to rule out trivial explanations for

the far transfer results. Improvements in the basic training task and the complex mathematics

task were not associated with a simple increase in component (i.e., single-digit) math facts

retrieval efficiency. Two alternative forms of the complex mathematics test were given in

counter-balanced order across participants as pre- and post-tests. The training group showed

greater gains than a test–retest groupwho completed no training. Thus, simple practice effects

with complex mathematics tests were ruled out as the basis of gains in the training group.

Additionally, the study included an active control group that was trained to select one of

two visually-presented, double-digit numbers based on a colored symbol cue, and to type

that number (a numerically-meaningless task that controlled for exposure to and typing of

numerical stimuli). The group was trained over the same time course as the mental

computation group and received an equivalent monetary reward for the task. Again, the

training group showed greater gains in complex mathematics than the active control group,

ruling out changing motivation levels during the test or covert practice on complex

mathematics between training sessions. This control group also ruled out simple raw

exposure to double-digit numbers as the basis of transfer.

What might be the basis of this far transfer? We argue that it involves changing repre-

sentations of underlying quantities (Kallai et al. 2011). Humans’ numerical representations

are thought to be analogous to a mental number line (Dehaene et al. 1993; Gallistel and

Gelman 1992). Because these representations are approximate, representations of close

quantities on the number line overlap, making close quantities harder to discriminate than

distant quantities (Dehaene et al. 1990; Moyer and Landauer 1967). In the brain, the

horizontal segment of the intraparietal sulcus appears to bewhere quantity representations are

localized; this region is activated during number manipulation, with greater activation when

tasks require more quantity processing (Dehaene et al. 2003). People rely on these quantity

representations during symbolic numerical tasks when the task requires processing of the

numerical meaning of symbols (Dehaene and Marques 2002; Gallistel and Gelman 2005).

Furthermore, greater precision in these representations has been associated with higher

symbolic math performance in both children and adults (e.g., Halberda et al. 2012; Halberda

et al. 2008; Holloway and Ansari 2009; Lourenco et al. 2012) and with later math achieve-

ment (e.g., Gilmore et al. 2010), making improvements in precision seem a strong candidate

for improving mathematical fluency. Several studies have successfully trained quantity

representations in children and adults (e.g., Fischer et al. 2011; Obersteiner et al. 2013; Park

and Brannon 2013; Ramani and Siegler 2011; Whyte and Bull 2008), leading to significant

mathematical improvements. With regard to flexibility, however, most training studies have

investigated transfer to more basic arithmetic skills, such as single- or double-digit addition

and subtraction, andmost studies investigating the relationship between precision and higher-

order mathematics tend to be correlational in nature. In contrast, the Kallai et al. (2011) study

demonstrated pre-post changes on behavioral and neuroimaging measures of precision in the

approximate representation of multi-digit numbers (greater than the test–retest and the active

control groups), and found that this change in numerical precision was associated with the

degree of improvement in complex mathematics.

Such instances of far transfer are educationally important and rare, and invite important

questions of robustness across populations and training variations. While the Kallai et al.

(2011) study demonstrated fast, accurate, and flexible math ability, it was limited to a select
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population of college students in a controlled laboratory situation. It is unknown whether the

mental computation training used in this study would continue to be effective in improving

math performance and transfer to complex math skills in more realistic arithmetic-training

situations, which may involve a more varied participant pool or variations of the original

training paradigm thatmight bemore easily implemented in classrooms. In the current report,

we tested the robustness of these training and transfer effects across two studies. In one study,

we recruited a heterogeneous group of participants throughAmazonMechanical Turk (AMT)

and compared participants who completed one of two different Internet-adapted variations of

our mental computation training to participants who completed no training. In the second

study, which was lab-based, we compared participants who completed the original version of

the mental computation training to participants who completed one of three training varia-

tions, each of which eliminated one core learning feature from the original training (i.e.,

immediate feedback, high uncertainty, or rewards for accurate performance). In both studies,

we tested participants’ performance on the complex math test and their symbolic represen-

tational precision before and after training. It should be noted that our studies were not exact

replications of Kallai et al.’s (2011) previous study. Because we were primarily interested in

testing the robustness of the previous effects under various conditions, it was important to

make changes to the previous experiment’s design. To foreshadow our results, the AMT

training groups and all three variations of the training task showed greater performance on the

complexmath test after training and improvements in symbolic precision, suggesting that the

mental computation training can robustly produce important mathematical improvements.

Study 1—generalizing populations

Materials & methods

Participants

Seventy-one adults participated in the study. Participants were recruited through AMT, an

online, crowd-sourced participant pool. Recruiters are able to post tasks on the AMT

website, and workers choose tasks to complete. If a worker satisfactorily completes a task,

then recruiters grant approval and payment to that worker. All AMT participants recruited

in study 1 were required to be located in the U.S. and to have an approval rate of 95 % or

higher, which has been found to ensure high-quality AMT data (Peer et al. 2014). In

general, studies conducted using AMT have consistently replicated results from the lab, but

have allowed for better generalization to broader ages and demographics than are typically

found in university-based lab studies (Buhrmester et al. 2011; Goodman et al. 2013; Mason

and Suri 2012; Paolacci et al. 2010; Simcox and Fiez 2013). Thirty-seven participants

completed the training conditions for $21 base pay with a performance bonus of $1–$7.

These participants were randomly assigned to one of two training conditions (described

below): 20 to Window training (8 female), and 17 to Ratio training (7 female). In addition,

34 participants (11 female) completed only the pre- and post-tests (No-Training condition)

for $4 base pay with a performance bonus of $0.06–$0.60. Our No-Training condition

completed only the pre- and post-tests because Kallai et al.’s (2011) had already compared

the mental computation training against an active control group, and that study had ruled

out simple exposure with double-digit numbers and motivational differences as bases of

the observed transfer effects. Studies in other cognitive domains also show significant test–
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retest effects (Salthouse 2010), and this older population may have had less prior or recent

exposure to complex mathematics, suggesting test–retest to be an important control con-

dition to include in this study.

All participants reported being native english speakers. Participants were restricted to

non-quantitative prior or current college majors (e.g., engineering, science) to avoid ceiling

effects. Reported education levels for each condition ranged from high-school/GED level

to master’s degrees (Window: 4 HS/GED, 6 associates/bachelor’s-in-progress, 10 bache-

lor’s degrees; Ratio: 6 HS/GED, 1 associates/bachelor’s-in-progress, 5 bachelor’s degrees,

4 master’s degrees, 1 unreported; No-Training: 4 HS/GED, 9 associates/bachelor’s-in-

progress, 9 bachelor’s degrees, 1 master’s degree, 11 unreported). Ages of the participants

were higher overall and more varied than in Kallai et al.’s (2011) study (Kallai, et al. :

M = 20.9, SD = 1.6 years; Window: M = 30.1, SD = 8.6 years; Ratio: M = 30.3,

SD = 9.5 years; No-Training: M = 37.2, SD = 11.5 years). The statistically significant

age disparity between the two training conditions and the No-Training condition [F(2,

58) = 3.53, p = 0.036] was controlled for in our analyses. All participants gave informed

consent before participating in the study.

Procedure

All tasks and training sessions in the study took place online. Participants in the No-Training

condition completed only a pre-test session, and then a post-test session 6 days later. Par-

ticipants in the two training conditions completed seven 1-h sessions. Each session was

separated by a minimum of 8 h to encourage benefits of consolidation during sleep and a

maximum of 48 h to ensure steady progress. Participants completed a pre-test session, fol-

lowed by five sessions of training (either window or ratio training), followed by a post-test

session. For all conditions, the pre-test session included the complexmath, arithmetic fluency

(as a control measure), and number comparison (to measure representation precision) tasks,

and the post-test session included the complex math and number comparison tasks.

Tasks

Estimation training task During each training session, participants completed five sets of

double-digit addition problems, then five similarly-designed sets of double-digit subtraction

problems, with 40 problems per set. Operands in the problem were shown sequentially to

encourage holistic number representation: the first operand was shown for 0.5 s, followed by

an operation symbol (? or-) for 0.25 s, followedby the second operand for 0.5 s. Participants

were then shown a blank screen and had 2 s to type in their response using the number keypad

on the keyboard (see Fig. 1). In the first training session, the first set in each operation was a

warm-up set that only included single-digit problems. Feedbackwas given in the formof green

checks for correct responses (with more checks indicating a response closer to the exact

answer) and a red ‘‘X’’ for incorrect responses. Participants also saw their total percent of

correct answers,mean response time, and number of points they received at the end of each set.

If participants achieved 90 % accuracy on a set, the difficulty level (altered by ma-

nipulating the range of the acceptable responses) increased during the next set of problems,

up to a difficulty level of 5. We explored two methods for adaptive training. In the Window

training condition, participants were required to answer within five of the exact answer at

difficulty level 1 (e.g., if the exact solution was ‘‘100’’, then any response from 95 to 105

would be correct), down to an estimation window of one at difficulty 5 (e.g., if the exact

solution was ‘‘15’’, then any response from 14 to 16 would be correct). In the Ratio
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condition, participants were required to answer within 8 % (rounded to the nearest whole

number) of the exact answer at difficulty level 1 (e.g., if the exact solution was ‘‘100’’, then

any response from 92 to 108 would be correct); with each difficulty level, the ratio

decreased by 2 %, such that the exact response was required at difficulty level 5. This

modified estimation-based approach to Kallai and et al.’s (2011) training was used to adapt

to any heterogeneity in participants’ starting arithmetic knowledge, allowing all par-

ticipants to experience difficult training (thereby maximizing learning effects) while still

staying within the targeted double-digit operands.

Arithmetic fluency task As a control measure of participants’ traditional multi-digit

arithmetic skill before training, participants solved multi-digit addition and subtraction

problems for their exact solutions as quickly and as accurately as possible on a computer

during the pre-test session. Four sets of problems were used, with 16 problems per set. The

first two sets of problems involved addition and subtraction, respectively, with one double-

digit operand and one single-digit operand. The last two sets of problems involved addition

and subtraction, respectively, with two double-digit operands. Both operands were shown

simultaneously at the center of the screen for 10 s. Participants were required to type their

responses and press the Enter key to register their response before the problem disappeared

from the screen. Participants’ percent accuracy was shown after each set. Accuracy and

response times (the time of Enter key-press) were collected for each problem.

Complex math task To measure the effect of training on complex mathematical skills, this

computerized task consisted of 16 multiple-choice mathematical problems taken from a

Scholastic Assessment Test (SAT) preparation book, the same assessment used in the Kallai

et al. (2011) study. TheSAT is awidely used college entrance exam in theU.S., and represents

high-levelmathematical reasoning competencies of broad importance in college coursework.

The problems involved complex mathematical computations and conceptual reasoning,

such as algebraic computation and statistical reasoning, in contrast to the procedural multi-

digit addition and subtraction skills practiced during training. Isomorphs of the original 16

Fig. 1 Schematic of training task trials
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problems were created and used as a second version of the test. Each participant completed

one version of the test during the pretest session, and the other version of the test during the

post-test session, with order of versions counterbalanced across participants. Participants

had 30 min to solve the problems as quickly and as accurately as possible. Four questions

were shown per page, and participants could not skip back and forth between pages. Only

accuracy scores were collected from the test, as we could not control environmental factors

that could potentially confound response time measures for longer duration problems in the

online environment. Two example problems are as follows. These particular examples

showed training improvements and highlight how multi-digit addition or subtraction is not

a salient element of the complex mathematics test:

• Of Team X’s victories this year, 80 % were at home. If Team X has won a total of 30

games this year, how many of those games were won away from home? (A) 4 (B) 5

(C) 6 (D) 24 (E) 26 (F) None of the above

• There are n players on a team. If, among those players, p% have no helmet, which of the

following general expressions represents the number of playerswho have a helmet? (A) np

(B) .01np (C) (100 - p)n/100 (D) (1 - p)n/0.01 (E) 100(1 - p)n (F) None of the above

Number Comparison task A number comparison task was given pre and post to assess

representational change due to training (see Dehaene 1992). Two numbers were presented

sequentially on a computer screen. Participants were instructed to indicate whether the

second number was smaller or larger than the first number (called the ‘‘standard’’) by

pressing the ‘‘S’’ or ‘‘L’’ key, respectively, on the keyboard. The standard was presented in

the instructions at the start of each block and did not change within the block. Participants

completed nine blocks of problems, with 16 trials per block. The first block was a practice

block, which used the standard of ‘‘41’’: and provided trial-by-trial feedback. The next

eight blocks consisted of randomly ordered blocks using the standards of 18, 25, 32, and 49

(with 2 blocks per standard). Percent accuracy was provided at the end of each block. Each

standard number was paired with 16 comparison numbers; half of the comparison numbers

were smaller than the standard, and half were larger. The comparison numbers for each

standard were created by multiplying the standard number by one of sixteen ratios (0.6,

0.687, 0.718, 0.781, 0.812, 0.875, 0.906, 0.968, 1.031, 1.125, 1.156, 1.218, 1.25, 1.333,

1.406, and 1.437), and then rounding to the nearest natural number. For each trial, the

standard was presented for 0.4 s, followed by a fixation cue (‘‘#’’) for 0.3 s, followed by

the comparison number for 0.7 s, followed by an additional response period of 1.3 s

(during which participants responded with the ‘‘S’’ or ‘‘L’’ key). Although environmental

factors may have influenced participants’ response times during this task as well, it was

possible to detect and control for such influences as the task involved relatively brief

response times (i.e., if participants inputted no response to many consecutive trials). Thus,

both accuracy and response times were collected.

Results

Training results

To verify that the training conditions improved in the trained double-digit arithmetic, we

compared participants’ mean accuracy on the first block of the first training session and
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accuracy on the last block of the last training session. Because participants were trained to

estimate the solution to problems, accuracy was measured as the distance from the exact

problem solution; a lower distance score means that a participant was more accurate in

their answers. Analyses were computed separately for addition problems and subtraction

problems.

Both training conditions began at similar levels of accuracy for addition [F(1,

35) = 1.81, p = 0.19] and subtraction [F(1, 35) = 3.35, p = 0.08]. A Training Condition

(window, ratio) 9 Block (first, last) repeated-measures ANOVA yielded a significant main

effect of Block for both addition [F(1, 35) = 13.96, p = 0.001, d = 0.63] and subtraction

problems [F(1, 35) = 9.15, p = 0.005, d = 0.60], such that accuracy on the last block of

each operation’s problems was better than accuracy on the first block of problems. For

subtraction problems, a main effect of Group showed that the Window condition per-

formed better than the Ratio condition across the two blocks [F(1, 35) = 4.90, p = 0.033].

However, there was no interaction between Training Condition and Block for either op-

eration [addition: F\ 1; subtraction: F(1, 35) = 1.47, p = 0.23, gp
2 = 0.04], suggesting

that both training conditions equally improved multi-digit addition and subtraction accu-

racy (see Fig. 2).

Complex math

Based on pre-test accuracy, the two complex math test versions differed in their difficulty.

Therefore, we analyzed accuracy performance using standardized scores based on the

given form, using the mean and standard deviation of the pre-tests. There were no sig-

nificant differences between the three conditions (Window, Ratio, No-Training) in pre-test

accuracy [F\ 1]. There were also no significant differences between the two training

conditions in either pre-test [F\ 1] or post-test accuracy [F(1, 35) = 1.82, p = 0.19]. The

Window and Ratio conditions correctly answered approximately 7 and 6 questions (as a

mean out of 16), respectively, at pre-test, while the No-Training condition correctly an-

swered approximately 7 questions. Because the two training conditions did not differ in

either training accuracy gains or Complex Math pre- and post-test scores, the two training

conditions were combined for increased statistical power (and labeled as the Training

condition) in the remainder of the analyses.

Fig. 2 Mean distance from exact solution (and within SE bars) at first and last block of training, separated
by training condition (Window, Ratio) and operation

A. S. Liu et al.

123



The Kallai et al. (2011) study used completion time as a covariate in pre-post Complex

Math accuracy analyses, but this variable was not available in the current study. Instead,

we used other available individual difference covariates. We elected to run a one-way

ANCOVA instead of a repeated-measures ANCOVA for two reasons. Participants were

likely to start with different levels of arithmetic ability (rather than differing just on

complex mathematics skills), and comparing simple changes from pre-test to post-test

ignores this important source of variance. Furthermore, ANCOVA designs tend to have

greater statistical power than repeated measures analyses for measuring the effects of

interventions (Delaney and Maxwell 1981; Dimitrov and Rumrill 2003; Van Breukelen

2006). We ran the one-way ANCOVA on post-test Complex Math accuracy, with Con-

dition (Training, No-Training) as a between-subjects factor, and pre-test Arithmetic Flu-

ency accuracy, pre-test Complex Math accuracy, and age as covariates to control for

participants’ prior basic and complex mathematical ability and for the age differences

between the groups (the same results hold whether or not age is included in the analysis).

The Training condition (M = 0.36, SD = 1.03) scored significantly higher on the post-test

compared to the No-Training condition (M = -0.04, SD = 1.00) [F(1, 54) = 4.76,

p = 0.03, d = 0.39] (see Fig. 3): the Window and Ratio conditions correctly answered an

average of 9 and 7 questions (out of 16), respectively, while the No-Training condition

correctly answered an average of 7 questions (i.e., showed no gains, as was found previ-

ously, from simple test–retest effects). To compare our results more directly to Kallai

et al.’s (2011) study, we also ran a Condition (Training, No Training) X Session (pre, post)

one-tailed repeated measures ANCOVA with Condition as a between-subjects factor,

Session as a within-subjects factor, and pre-test arithmetic fluency accuracy as a covariate

to control for basic arithmetic ability. We used a one-tailed test because we were

specifically interested in whether the training condition would outperform the control

condition, as was found by Kallai et al.’s. The repeated-measures ANCOVA showed a

significant interaction between Condition and Session [F(1, 68) = 2.86, p = 0.048,

gp
2 = 0.04], such that the Training condition improved significantly more than the No-

Training condition from pre-test to post-test. There was no main effect of Condition [F(1,

68) = 2.06, p = 0.08, d = 0.35] or Session [F(1, 68) = 0.14, p = 0.36, d = -0.25]. The

interaction also holds when age is added as a covariate [F(1, 57) = 3.16, p = 0.041,

gp
2 = 0.05]. Thus, the training on multi-digit addition and subtraction appeared to improve

Fig. 3 Adjusted mean standardized complex math post-test accuracy (and SE bars) for training (Window,
Ratio) and No-Training conditions
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participants’ complex mathematical ability, above any improvements that may have been

caused by familiarity due to pre-test exposure to problems of this type.

Number comparison

To assess changes in numerical representation precision, a Condition (Training, No-

Training) X Session (pre, post) X Distance (near, far) repeated-measures ANOVA was run

on both accuracy and response times on the number comparison task, with condition as a

between-subjects factor, and session and distance as within-subject factors. We separated

the ratios used in the task into two levels, based on their distance from the 1:1 ratio: near

(ratios of 0.781, 0.812, 0.875, 0.906, 0.968, 1.031, 1.125, 1.156, 1.218, and 1.25) and far

(ratios of 0.6, 0.687, 0.718, 1.333, 1.406, and 1.437). The divide was chosen based on prior

data; pre-training accuracy and response times showed strong differentiation for quantities

beyond ratios of 0.781 and 1.25. Near versus far task performance difference was used as

our primary ANS acuity measure, based on recent findings that such a measure is a more

reliable measure of ANS acuity than the more commonly used Weber fraction (Inglis and

Gilmore 2014). There were no significant differences between the two training conditions

in either pre-test [F\ 1 for both near and far ratios] or post-test accuracy [F\ 1 for both

near and far ratios], or in pre-test [near: F(1, 35) = 2.17, p = 0.15; far: F(1, 35) = 2.45,

p = 0.13] or post-test response times [near: F(1, 35) = 2.16, p = 0.15; far: F(1,

35) = 2.17, p = 0.15]; thus, the two training conditions were combined (and labeled as the

training condition) as was done in the complex math analyses.

There were significant main effects of session [F(1, 69) = 6.84, p = 0.01, gp
2 = 0.09]

and Distance [F(1, 69) = 67.5, p\ 0.001, gp
2 = 0.49] for task accuracy: accuracy was

higher at post-test (M = 0.97; SD = 0.03) than pre-test (M = 0.96; SD = 0.03), and

higher for far ratios (M = 0.98; SD = 0.03) than near ratios (M = 0.95; SD = 0.03).

There was no three-way interaction of Group X Session X Distance [F(1, 69) = 1.85,

p = 0.18, gp
2 = 0.03]; participants simply became more accurate with second exposure to

the task regardless of training. However, the response time measures showed the predicted

and theoretically critical three-way interaction [F(1, 69) = 4.59, p = 0.036, gp
2 = 0.70].

An analysis of simple effects showed that the Session X Distance interaction was sig-

nificant for the Training group [F(1, 36) = 4.27, p = 0.046, gp
2 = 0.11], but not for the

No-Training group [F(1, 33) = 1.09, p = 0.30, gp
2 = 0.03]. The results of the analyses

were the same when prior basic and complex mathematical ability (i.e., pre-test Arithmetic

Fluency accuracy and pre-test Complex Math accuracy) were controlled. The response

time for near ratios significantly decreased from pre-test to post-test in the Training con-

dition only (see Fig. 4), suggesting that training made number representations more pre-

cise, allowing participants to more quickly distinguish close quantities.

Discussion

As predicted, participants who completed the mental computation training significantly

improved on the complex math test compared to participants who did not complete any

training. The training group could also distinguish close symbolic numbers more quickly

after training, suggesting that the training improved their symbolic representational pre-

cision. Our results build on those from the Kallai et al. study (2011), providing an im-

portant second demonstration of a rare far transfer result. Furthermore, the far transfer
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result was obtained in a population with a much wider range of backgrounds, suggesting

generalizability of these effects to a broad range of training populations.

Still, the tested mental computation training relies on a specific approach that may not

be pragmatic in all learning contexts. This specific training approach was designed using

basic research on effective learning environment characteristics, specifically to promote

learning and representational change: (1) use of immediate feedback (Tricomi et al. 2004,

(2) use of high uncertainty (Aron et al. 2004; Berns et al. 2001, (3) use of monetary

rewards for accurate performance (Delgado et al. 2004). These characteristics may not be

available in typical educational environments. In addition, the Training condition received

a higher payment than the No-Training condition ($21 versus $4 base payment) in study 1,

which may have motivated the Training condition participants and accounted for their

higher performance. To determine whether the core training approach would retain its

effectiveness even without these key features of feedback, uncertainty, or monetary re-

wards, we tested three variations of the original training in study 2. The study also serves as

another demonstration of the representational change and far transfer results, further ruling

out statistical flukes as an explanation of such rarely-obtained far transfer results.

Study 2—robustness across training characteristics

Materials & methods

Participants

Eighty college students or recent graduates participated in one of four training variations

[Base-Training, No-Feedback, High-Certainty, and No-Reward (explained in detail below)

with 20 students (10 females) per condition] for a base payment of $115, with additional

training and pre-/post-test performance bonuses for a mean total pay of $205 (with the

exception of the No-Reward training condition, who received a base payment equal to

$205 and additional pre-/post-test performance bonuses). An a priori power analysis was

conducted using the data from study 1, to ensure that we could detect any significant

differences between the four training variations. With an alpha of 0.05, a power of 0.95,

and an effect size of gp
2 = 0.040, the sample size needed is approximately 76 participants

for a repeated-measures ANOVA. Thus, our sample size of 80 participants should be

Fig. 4 Mean difference (and
within SE bars) between near and
far ratio response times on
number comparison pre-test and
post-test for training and No-
Training groups. Values closer to
0 indicate a smaller difference
between far and near ratios
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sufficient to test whether each of the core training features is necessary to obtain the

training effect.

Matching the demographics of Kallai et al.’s (2011), all participants were right-handed

and native english speakers between the ages of 18–25 years of age. To avoid ceiling

effects, participants were screened to be non-experts in math, defined as having a non-

quantitative major and having a self-reported quantitative SAT score that ranked them

within the 75–93 percentile of college-bound seniors. The four training conditions were

matched for gender (10 females, 10 males) and for quantitative SAT score (mean scores for

each group were between the 83rd–85th percentiles). Average ages were also similar

across training conditions (Base-Training: M = 20.6 years, SD = 1.3 years; No-Feed-

back: M = 20.7, SD = 1.4 years; No-Reward: M = 20.6, SD = 1.2 years; High-Cer-

tainty: M = 20.2, SD = 1.3 years). All participants gave informed, written consent before

participating in the study.

Procedure

Participants completed seven sessions over 9 days in the laboratory. Sessions 1 and 7

consisted of behavioral pre-tests and post-tests, both of which included the complex math

and number comparison tasks. During sessions 2 through 6, participants spent ap-

proximately 30 min solving addition problems and 30 min solving subtraction problems.

Tasks

Exact training task The Base-Training condition’s training task was similar to that used

in study 1. Because study 2’s participants were more homogeneous and relatively high in

their starting arithmetic knowledge (as shown by their matched quantitative SAT scores),

we asked participants to solve for exact solutions instead of the estimated solutions used in

study 1. This more closely approximated the training task used in the Kallai et al. study

(2011), and likely better matched typical classroom tasks.

Fifty problems were included in each problem set. Both multi-digit operands were

displayed simultaneously in horizontal format to encourage holistic representations, fol-

lowed by a response period during which participants typed their solution to the problem.

Feedback was provided after the response window (three green checks after a correct

response, three red crosses after an incorrect response, three white dashes after no re-

sponse). A monetary bonus was also given for each correct response, with higher difficulty

questions earning higher rewards. All participants completed a warm-up block, made up of

single-digit problems, to familiarize them with the task.

Three variations of the Base-Training condition tested, in isolation, the importance of

three core features of the previously tested learning environment (immediate feedback,

high uncertainty, and rewards for correct performance), each of which is somewhat un-

common in typical educational learning environments. Pilot testing was used to insure the

variations primarily varied the targeted dimension (e.g., only feedback rather than both

feedback and certainty). The three training variations were:

• The No-Feedback condition: participants received no immediate trial-by-trial feedback,

and instead were shown three blue squares after entering their responses, regardless of

whether their responses were correct or incorrect. They were told their percentage of

correct answers after every set of problems to make sure motivation was not also

changed.
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• The High-Certainty condition: participants were exposed to each problem for 2.9–3.5 s

depending on problem difficulty, and they were given an extended window of 10 s to

enter their responses to each problem. Because participants in this condition were given

approximately four times as much time as participants in the other conditions to view

and solve the training problems, they were expected to achieve higher accuracy levels

than participants in the other three training conditions. For this reason, they received a

smaller monetary completion bonus, as they had a greater opportunity to earn a higher

performance bonus. (see Table 1)

• The No-Reward condition: participants did not receive a monetary bonus for correct

responses during the training task (when rewards should have the largest impact on

learning). Participants in this condition were given a larger base payment at the end of

the study to match the average payment of the other conditions, in addition to any

pre-/post-test performance bonuses.

Increases in difficulty level were not individually determined as they were in study 1

because the High-Certainty condition would, by definition, quickly reach a higher difficulty

level at a faster pace than the other three training variations. Instead, all participants moved

up in difficulty after a set number of blocks. For addition, participants completed 8 blocks

of problems consisting of a single-digit number and a double-digit number (S/D blocks),

and 22 blocks of problems consisting of two double-digit numbers (D/D blocks). For

subtraction, participants completed 14 S/D blocks and 16 D/D blocks. The number of

blocks was based on the median number of blocks that participants in Kallai et al.’s study

(2011) needed to achieve 90 % accuracy at each difficulty level. The parameters of each

difficulty level are shown in Table 1.

Complex math and number comparison tasks Both tasks were identical to those used in

study 1, except that the complex math test was completed with paper-and-pencil and its

completion time was collected.

Results

Training results

We verified the effectiveness of the four training variations by comparing accuracy on the

first block of training with accuracy on the last block of training, as was done in study 1.

First block and last block accuracies were compared separately for difficulty level 1 (D/S

problems) and for difficulty level 2 (D/D problems), and separately for addition and

subtraction problems. Accuracy was measured as exact solutions to the problems.

Table 1 Presentation times and earnings used for each difficulty level in study 2 (with high certainty
condition parameters in parentheses)

Digits Stimulus (s) Response (s) Feedback (s) ITI (s) Earnings

Warm-up Single/single 0.5 2 0.5 0.5 $0.01

Level 1 Double/single 0.7 (2.9) 2.2 (10) 0.5 0.5 $0.02 ($0.01)

Level 2 Double/double 0.9 (3.5) 2.6 (10) 0.5 0.5 $0.04 ($0.02)
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Figure 5 shows the mean accuracy scores for the four training variations across the

various problem types. As expected, the high certainty condition achieved higher accuracy

than the other three training types from the beginning, and was consequently excluded

from the condition effect analyses on the training data as there was not a comparable

difficulty standard. However, despite starting at a higher accuracy than the other condi-

tions, the High Certainty condition still improved significantly from pretest to post-test in

all problem types [addition D/S: t(19) = -3.27, p = 0.004; addition D/D: t(19) = -4.03,

p = 0.001; subtraction D/S: t(19) = -2.80, p = 0.011; subtraction D/D: t(19) = -3.43,

p = 0.003].

Block (first, last) X Training Condition (Base, No Feedback, No Reward) repeated-

measures ANOVAs found no significant accuracy differences between the other three

conditions for any of the problem types [F\ 1]. All problem types showed a significant

main effect of Block, where last block accuracy was higher than first block accuracy

[addition D/S: F(1, 57) = 20.73, p\ 0.001, gp
2 = 0.27; addition D/D: F(1, 57) = 145.8,

p\ 0.001, gp
2 = 0.72; subtraction D/S: F(1, 57) = 33.72, p\ 0.001, gp

2 = 0.37; sub-

traction D/D: F(1, 56) = 43.74, p\ 0.001, gp
2 = 0.44]. Thus, all four training variations

improved, and the three conditions that could be directly compared improved equally in

arithmetic involving double-digit and single-digit problems.

Fig. 5 Mean training accuracy scores (with SE bars) for the four training variations. Mean accuracy scores
for (a) addition and (b) subtraction double/single and double/double training problems
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Complex math

Complex math accuracy scores were standardized as they were in study 1. Both pre-test

and post-test accuracy scores can be seen in Fig. 6. Although appearing to vary somewhat

in the graph, there were no statistically significant differences between the four training

conditions in pre-test accuracy [F\ 1]. The Base, No-Feedback, High-Certainty, and No-

Reward conditions correctly answered approximately 11, 11, 11, and 12 questions (as a

mean out of 16), respectively, at pre-test.

Similarly to Study 1, we ran an ANCOVA on post-test Complex Math accuracy with the

between-subject factor of Training Variation. We also included pre-test Complex Math

accuracy and the gain in standardized completion times (standardized using the same

process used to standardize accuracy scores) as covariates. There were no significant

differences between Training Variations [F(3, 74) = 0.359, p = 0.78]. A Training Var-

iation X Session (pre, post) repeated-measures ANOVA showed that only the main effect

of Session was significant [F(1, 75) = 6.89, p = 0.011, gp
2 = 0.08], such that post-test

accuracy was higher than pre-test accuracy by an average of 0.25, replicating the prior

transfer of learning results. In terms of questions answered, the Base, No-Feedback, High-

Certainty, and No-Reward conditions correctly answered approximately 12, 12, 12, and 13

questions (as a mean out of 16), respectively (i.e., roughly showing a one question im-

provement on the test). The Training Variation and Session interaction was not significant

[F\ 1], suggesting that all training variations improved complex mathematical skills by a

comparable amount.

Number comparison

To assess changes in numerical representation precision, we ran a Training Variation

(Base, No-Feedback, High-Certainty, No-Reward) X Session (pre, post) X Distance (near,

far) repeated-measures ANOVA on Number Comparison accuracy and response times,

with Training Variation as a between-subjects factor, and Session and Distance as within-

subject factors. Ratios were categorized using the same near/far distinction that was used in

study 1. A Session X Distance interaction showed that accuracy significantly increased

from pre-test to post-test for the near ratios (pre-test: M = 0.96, SD = 0.02; post-test:

M = 0.98, SD = 0.009), but not the far ratios (pre-test: M = 0.98, SD = 0.01; post-test:

M = 0.98, SD = 0.009) [F(1, 76) = 26.1, p\ 0.001, gp
2 = 0.26] (see Fig. 7), replicating

Fig. 6 Adjusted mean pre- to post-test gains in complex math standardized accuracy (with within SE bars)
within each of the four training variations
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the core representational change after training from Study 1. The three-way interaction of

Training Variation X Session X Distance was not significant, so this effect did not differ

among the four training variations [F(1, 76) = 1.36, p = 0.26, gp
2 = 0.05].

Meanwhile, for response time, participants were significantly faster for far ratios than

near ratios [F(1, 76) = 114.6, p\ 0.001, gp
2 = 0.60]. There was no Distance X Group

interaction [F\ 1], but a marginal Distance X Session interaction was observed [F(1,

76) = 3.75, p = 0.06, gp
2 = 0.05]. There was a significant Session X Group interaction

[F(1, 76) = 4.37, p = 0.007, gp
2 = 0.15], where the No-Feedback and High-Certainty

variations responded more quickly at post-test than at pre-test and the No-Reward variation

became slower at post-test.

Discussion

Study 2 compared three training variations (No Feedback, High Certainty, and No Reward)

to the base training used in our previous studies. The results again showed the important

transfer results in Complex Math and provided further evidence of underlying changes in

representational precision. The gains in the complex math task and accuracy improvements

in discriminating close symbolic quantities did not differ across the four versions of

training. This suggests that the learning process of the mental computation training is

robust, such that omitting one element from the design does not undermine its

effectiveness.

The non-significant differences across the three training variations are somewhat in-

consistent with literature on the impact of feedback, reward, and uncertainty on learning.

For example, many studies show that corrective feedback confers great learning benefits

(e.g., Anderson et al. 1971; Butler et al. 2008; Epstein et al. 2002; Metcalfe and Kornell

2007), but the lack of immediate feedback did not appear to affect the learning of the No-

Feedback condition. However, it is debated whether immediate or delayed feedback leads

to greater learning improvements (see Kulik and Kulik 1988). The No-Feedback condition

may have still benefited from the delayed feedback given at the end of each training block.

Regarding the No-Reward condition, rewards are thought to benefit learning by

positively reinforcing correct behaviors, but the lack of monetary rewards in the No-

Fig. 7 Mean difference (and within SE bars) between far and near ratio accuracy on number comparison
pre-test and post-test for the four training variations. Values closer to 0 indicate a smaller difference between
far and near ratios
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Reward condition did not appear to have a strong effect. However, the motivational lit-

erature often draws a distinction between extrinsic motivation (i.e., motivation that comes

from outside sources) and intrinsic motivation (i.e., motivation that comes from within an

individual) (see Sansone and Harackiewicz 2000), with the latter related to higher aca-

demic success (Deci et al. 1991). While external rewards can potentially motivate addi-

tional engagement when they affirm competence at a task, extrinsic performance-

contingent rewards (such as the monetary rewards used in training) have also been shown

to undermine people’s intrinsic motivation (see Deci et al. 1999 for a review). Removing

extrinsic rewards may have led to a greater dependence on intrinsic motivation, leading to

equal learning for the No-Reward condition.

Uncertainty is thought to benefit learning by increasing selective attention and en-

gagement with uncertain stimuli (Fiorillo et al. 2003). People learn when the stimuli’s

predicted outcome mismatches its actual outcome, changing their behavior until their

predictive quality improves and the uncertainty of outcomes decreases sufficiently (Dayan

et al. 2000; Pearce and Hall 1980). Lack of uncertainty in the High-Certainty condition

may have led to decreased attention toward the task and fewer opportunities for learning,

but did not seem to have a large effect. Still, participants received more consistent positive

feedback because of condition’s lower difficulty, which may have acted as a task moti-

vator. Furthermore, these participants received two forms of feedback—immediate trial-

by-trial feedback and indirect reward feedback—that together may provide additional

learning benefits.

Eliminating one core learning feature (immediate feedback, uncertainty, or reward)

appears to have little effect on the training results. It is possible that eliminating two or

more of these core learning features would have a greater detrimental effect on learning.

The learning features may have overlapping benefits; for example, reward could be used as

an indirect form of feedback (as participants are given a higher reward for more accurate

performance), which could attenuate any effects caused by a lack of immediate feedback.

Further experiments using training variations that remove two or more core learning

features could determine whether a specific combination of features are required for the

training to remain effective.

General discussion

Mathematical fluency is normally defined as the ability to perform mathematics quickly,

accurately, and flexibly. In the past, fluency has been quantified as the number of math

facts that can be quickly retrieved. While this measures the quick and accurate criteria of

fluency, it neglects whether such math knowledge is also flexible; in several cases,

knowledge gained through retrieval-based training has not transferred to non-trained

problems (Bajic et al. 2011; Imbo and Vandierendonck 2008; Rickard et al. 1994). Al-

ternative training programs have attempted to foster mathematical fluency through the

development of meaningful representations of number, which involve a greater conceptual

understanding of numbers and quantities and have the potential to be more flexible than

retrieval-focused training programs.

In a study by Kallai et al. (2011), a training program that developed meaningful number

representations through multi-digit mental computation led to marked improvements on a

complex mathematics test that required skills beyond the addition and subtraction that was

trained. The training also led to improvements on a symbolic representational precision

task, with greater improvement on the complex math task correlating with greater im-

provement on the representational precision task. In the current report, we found that these
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transfer and precision effects were robust. Significant improvements on the same complex

math task were found when the training was completed by a diverse population outside of

college students and recent graduates (study 1), and when isolated aspects of the original

training were removed (study 2). There were no improvements for participants who did not

undergo training. Similarly, in both studies, participants who completed the training

showed signs of representational changes: study 1 training participants became faster and

study 2 training participants became more accurate at distinguishing symbolic numerical

quantities after training. Meanwhile, study 1 participants who did not take part in the

training showed no improvement in their numerical precision, suggesting that the training

process led to representational change. These results are similar to null results observed by

Kallai et al. (2011) for a control training group and a simple test–retest group. Thus, it

appears that mental computation training is responsible for both the transfer and repre-

sentational change effects observed across studies, and that these effects are robustly

obtained across populations and training variations.

The mental computation training likely affected more than just the representational

acuity of double-digit numbers. It may also have improved addition and subtraction math

facts, as well as procedural fluency in addition and subtraction. However, neither math

facts nor procedural fluency can sufficiently explain the observed improvements on the

complex math task. As suggested by previous research (Bajic et al. 2011; Imbo and

Vandierendonck 2008; Rickard et al. 1994), math facts knowledge should only transfer to

multi-digit arithmetic problems that are very similar to those used in the training task (e.g.,

86 ? 11 = ?). No such problems were present in the complex math task. In addition, the

training task used a large set of problems that were rarely repeated, which would make it

difficult for participants to memorize and retrieve the facts for a later task. Procedural

fluency could contribute to complex math gains, but its effects would be limited to

problems that can be solved through addition and subtraction. The majority of the complex

math task items involved more difficult procedures. Though some of the complex math

problems could be restructured to rely primarily on addition or subtraction (e.g., plugging

numbers into a number set problem), it would be considerably less efficient to use addition-

or subtraction-dependent strategies compared to strategies based on conceptual under-

standing. In contrast, greater representational acuity would strengthen the connections

between multi-digit numbers (used in the majority of the complex math problems) and

their numerical quantities, providing a basis for greater conceptual and numerical under-

standing and making it a more likely mechanism for complex math improvements than

math facts or procedural fluency alone.

Our results and proposed mechanism are consistent with previous literature that links

mental computation ability to improved number sense (see Gersten and Chard 1999 for a

review) and flexible number knowledge (e.g., Cobb and Merkel 1989; Klein and Beish-

uizen 1994; Maclellan 2001; Reys 1984; Sowder 1988). Thompson (1999) proposed that

mental computation is developed through the contributions of different components, which

include math facts (such as those fostered by retrieval-based training) and numerical

understanding (e.g., properties of number relations), suggesting that mental computation

proficiency requires strong number sense. Reciprocally, mental computation may also

foster greater number sense because it makes properties of numbers and quantities more

salient to students (Greeno 1991), and it may encourage students to consider the meaning

of numbers and quantities within a problem, as opposed to following procedural steps

without thinking about what they are doing (Maclellan 2001). While mental computation

has been associated with improved number sense, its link to representational change has

not been investigated as thoroughly. In the current studies, mental computation was
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reinforced with learning features (immediate feedback, high uncertainty, and rewards)

meant to encourage representational change, though we found that removing one of the

learning features did not significantly impact representation precision improvements. We

could gain a more detailed understanding of mental computation’s effects on number

representations by taking away more of these core learning features to see which (if any)

are necessary for fostering representational change, or whether mental computation is

enough.

Individuals who are skilled at mental computation also use a variety of mathematical

strategies and are able to choose the most efficient strategy depending on the situation (e.g.,

Cooper et al. 1996; Heirdsfield and Cooper 2004; Sowder 1992). Several studies have

increased the frequency of mental computation strategy use by directly teaching mental

computation strategies or by encouraging students to generate their own strategies (see

Varrol and Farran 2007 for a review), but they have been less successful in getting students

to flexibly use different mathematical strategies. For example, Klein and Beishuizen (1994)

observed classrooms in which a specific mental computation strategy was taught. Even

though flexibility was encouraged, the majority of students preferred to use the taught

strategy, implying that students may not attempt to flexibly use other strategies if they are

taught a specific method. Even when students generate their own strategies, students often

limit themselves to a mental version of an already-learned algorithm (Reys et al. 1995),

suggesting that early emphasis on written algorithms may discourage students from de-

veloping their own mental computation strategies (Hope 1987). In our mental computation

training, mental computation is encouraged through the training design, but no specific

computation strategy is given to participants. In future studies, it would be interesting to

investigate whether our training supports the generation of flexible mental computation

strategies or strategies based on known algorithms, and whether individual differences in

strategies influence the transfer of mathematical knowledge.

Although mathematical fluency is defined as mathematical performance that is quick,

accurate, and flexible, retrieval-based training programs have primarily used speed and

accuracy as a measure of fluency. The current studies suggest that training programs that

focus on the development of numerical representations can not only improve the speed and

accuracy of arithmetic computation, they can also robustly lead to flexible and trans-

ferrable gains in complex mathematical performance. In conclusion, training programs

built on numerical representations can lead to a mathematical fluency that is consistently

quick, accurate, and flexible, providing an alternative and effective basis for fostering

advanced mathematical knowledge.
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